Two-photon absorption (2PA) spectroscopy provides complementary, and sometimes more detailed, information about the electronic structure of a molecule relative to one-photon absorption (1PA) spectroscopy. However, our understanding of the 2PA processes is rather limited due to technical difficulties in measuring experimental 2PA spectra and theoretical challenges in computing higherorder molecular properties. This paper examines the 2PA spectroscopy of trans-stilbene, cis-stilbene, and phenanthrene by a combined experimental and theoretical approach. The broadband 2PA spectra of all three compounds are measured under identical conditions in order to facilitate a direct comparison of the absolute 2PA cross sections in the range 3.5-6.0 eV. For comparison, the theoretical 2PA cross sections are computed using the equation-of-motion coupled-cluster method with single and double substitutions. Simulated 2PA spectra based on the calculations reproduce the main features of the experimental spectra in solution, although the quantitative comparison is complicated by a number of uncertainties, including limitations of the theoretical model, vibronic structure, broadening of the experimental spectra, and solvent effects. The systematic comparison of experimental and theoretical spectra for this series of structurally similar compounds provides valuable insight into the nature of 2PA transitions in conjugated molecules. Notably, the orbital character and symmetry-based selection rules provide a foundation for interpreting the features of the experimental 2PA spectra in unprecedented detail. Published by AIP Publishing. [http://dx
I. INTRODUCTION
The development of new two-photon active compounds has enabled rapid and widespread advances in multi-photon techniques, including fluorescence imaging and microscopy, 3D fabrication, optical data storage, photodynamic therapy, and spatially controlled chemical activation. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] Sustaining and enhancing the current level of progress in these areas requires novel chromophores with favorable two-photon absorption (2PA) properties. [17] [18] [19] An essential ingredient in developing such compounds is the ability to predict and interpret experimental 2PA spectra using computational chemistry. Advances in computational methods now make such comparisons feasible, [20] [21] [22] [23] yet there has been little work so far to make quantitative comparisons of wavelength-dependent experimental and theoretical 2PA cross sections. These comparisons are important for benchmarking the calculations as well as providing insight into the fundamental features that determine non-linear optical properties of molecules and molecular aggregates.
Accurate 2PA spectra are difficult to measure experimentally and challenging to calculate using ab initio theory. The experiments are plagued by weak signals, competing contributions from scattering and other nonlinear energy loss a) Present address: Savannah River National Laboratory, Aiken, South Carolina 29808, USA. b) Authors to whom correspondence should be addressed. Electronic addresses: krylov@usc.edu, elles@ku.edu.
processes, uncertainty in laser beam profiles, and, ultimately, difficulties in interpreting the often broad, overlapping bands of a 2PA spectrum. Calculations are complicated not only by the need to obtain accurate transition energies and intensities for molecules of reasonable size, but also the difficulty of including vibronic effects, solvent shifts, and other corrections to match the experimental situation. To address these issues, we compare the experimental and theoretical 2PA spectra for three aromatic compounds that differ primarily in molecular symmetry: trans-stilbene, cis-stilbene, and phenanthrene. These three well-studied molecules serve as a convenient series for comparing experimental and computational 2PA cross sections of structurally related compounds belonging to different point groups (C 2h for trans-stilbene, C 2 for cis-stilbene, and C 2 for phenanthrene).
The excited-state structure and dynamics of stilbene and phenanthrene have been studied extensively. [24] [25] [26] [27] Stilbene is a prototypical photochromic molecule that undergoes reversible photoisomerization and photocyclization reactions that are typical of many molecular switches. [28] [29] [30] [31] [32] Whereas trans-stilbene photoisomerizes to cis-stilbene, the reverse isomerization reaction competes with electrocyclization of cis-stilbene to 4a,4b-dihydrophenanthrene, which irreversibly oxidizes to phenanthrene. 25 Numerous excited-state calculations at various levels of theory have been reported for trans-stilbene, 26, [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] cis-stilbene, 26, 38, 39, [41] [42] [43] [44] [45] [46] [47] 49, 50 and phenanthrene, [51] [52] [53] with some of the most comprehensive work by Merchan and coworkers using CASPT2 (complete active space self-consistent field with second-order perturbative correction). 48, 50, 53 However, there have been only a limited number of studies on the 2PA properties, and the reported cross sections vary by orders of magnitude. Such inconsistencies and the difficulty of comparing results from different levels of theory, including different state ordering, highlight the need for a single set of computational results for comparison with the experimental 2PA spectra of all three compounds.
In this paper, we compare our experimentally measured broadband 2PA spectra with the spectra computed using the equation-of-motion coupled-cluster method for excited states with single and double substitutions (EOM-EE-CCSD). 23 EOM-CC methods are capable of describing multiple electronic states, including electronically excited states that have multi-configurational wave functions. [54] [55] [56] [57] [58] [59] [60] The calculated transition energies and intensities provide an important reference for modeling and analyzing the experimental spectra. We also analyze the electronic structure of the states that give rise to the dominant features in the 2PA spectra using wave function analysis tools. [61] [62] [63] Measuring the broadband 2PA spectra back-to-back reduces uncertainties of the experimental parameters between measurements and provides a consistent set of spectra for comparison with theory. The experimental benchmarks include the transition energies, absolute 2PA cross sections, and polarization ratios. 23, 64 The theoretical approach and computational methodology are described in detail in a separate paper, 65 where we also discuss general trends in 2PA spectra and analyze symmetry-based selection rules and molecular-orbital characters of the states giving rise to the most prominent 2PA transitions. Here, we give a concise summary of methodology and focus on the experimentally accessible region of the solution-phase spectrum (below ∼ 6.5 eV).
II. METHODS

A. Experimental details
We use a broadband pump-probe technique to measure the experimental 2PA spectra of trans-stilbene, cis-stilbene, and phenanthrene in solution. Details of the broadband 2PA measurement have been discussed previously [66] [67] [68] [69] [70] and are described here only briefly. The 2PA spectra are measured by spatially and temporally overlapping a non-resonant pump pulse with a broadband probe pulse within a 1 mm path length quartz cuvette containing the sample. The attenuation of the probe is proportional to the (non-degenerate) two-photon absorption cross section σ 2PA at the total energy of one pump and one probe photon. Importantly, neither photon is absorbed alone. The 2PA cross sections are measured in GM (Göppert-Mayer, 1 GM = 10 50 cm 4 ·s·molecule 1 ·photon 1 ), based on the wavelength-dependent depletion rate of the broadband probe field in the presence of the pump field.
The pump and probe pulses are derived from an ultrafast Ti:sapphire laser, using an optical parametric amplifier to generate tunable pump pulses in the visible-UV, and white-light continuum generation as the source of broadband probe pulses. Focusing a small fraction of the 800 nm fundamental into a 1 cm quartz cuvette filled with water produces stable white-light continuum probe pulses covering the range 750-350 nm (1.65-3.54 eV). 71, 72 We focus the pump and probe beams to ∼200 and ∼70 µm diameter, respectively, at the sample, where the average pump energy is usually ∼100 nJ/pulse. An optical chopper wheel blocks every other pump pulse before the sample for active background subtraction, and we control the relative orientation of the linearly polarized pump and probe light with a λ/2 waveplate in the pump beam. After the sample, the transmitted probe beam is dispersed through a transmission grating onto a 256-element photodiode array for shot-to-shot detection. The 2PA measurements have a resolution of ∼0.14 eV, limited by the convolution of the pump pulse bandwidth and the resolution of the spectrograph.
The samples for the 2PA measurements are 0.5 M solutions of trans-stilbene, cis-stilbene, or phenanthrene (all from Sigma-Aldrich, >96%) in chloroform (Sigma-Aldrich, ≥99%). We measure the 1PA spectra of more dilute solutions using a standard UV-vis spectrometer with a resolution of ∼0.03 eV. We measure 1PA spectra in both chloroform and cyclohexane, but report only the latter because that solvent has a larger optical bandgap. The 1PA spectra are nearly identical in the two solvents. 73 
B. Computational details
For exact wave functions, the two-photon transition moments at frequencies ω 1 and ω 2 between states |0 and |k are given by the following expressions:
whereμ denotes the dipole moment operator, Ω n0 is the transition energy between states |0 and |n , and the sums run over all electronic states of the system. Following the expectationvalue approach to molecular properties, 74 this expression is converted into a tractable form for computing two-photon moments for approximate wave functions by introducing auxiliary response-like equations. The application of this strategy to the EOM-CCSD wave functions is described in Ref. 23 . Here, we calculate 2PA cross sections using this methodology, 23 following the same protocol as in Ref. 65 . Note that, although the programmable expressions for the two-photon transition moments have different forms from the above sumover-state equations, they are formally and numerically identical. Thus, we will use Eqs. (1) and (2) for the analysis of the computed spectra. From the two-photon transition moments, the components of the transition strength matrix, S ab,cd , are computed as follows:
Using atomic units, the rotationally averaged 2PA strength, δ 2PA , reads 75, 76 
where F, G, and H are integer constants, which depend on the polarization of the incident light. F = G = H = 2 for parallel linearly polarized light, whereas F = 1, G = 4, H = 1 for perpendicular linearly polarized light. 75 The macroscopic 2PA cross section (σ 2PA ) in GM units is related to the molecular transition strength in the case of ω 1 = ω 2 = E exc 2 through the following expression: 64
where α is the fine structure constant, a 0 is the Bohr radius, ω is the photon energy for excitation of 2ω, c is the speed of light, and S(2ω, ω 0 , Γ) is the line-shape function describing spectral broadening effects. When two different frequencies are used, the macroscopic cross section is
where
The line-shape function introduces a phenomenological broadening for the computed stick spectrum to account for spectral broadening due to rovibrational excitations and collisional dynamics. Using a different broadening factor affects not only the width of each peak, but also the maximum amplitude. The difficulties of computing broadening factors from the first-principles limit the predictive power of the calculations. Here, we use fitted experimental damping factors to facilitate the direct comparison of the computed spectra with experiment and to illustrate the impact of varying damping factors on the spectra. For calibration purposes, we also calculated 1PA spectra. We used Γ = 0.4 eV for cis-stilbene and Γ = 0.2 eV for trans-stilbene and phenanthrene to best reproduce the experimental results. In contrast to the calculations reported in Ref. 65 , here we compute 2PA spectra for the non-degenerate case (ω 2 = E ex − ω 1 ), to match the experimental conditions, and also consider Franck-Condon and solvent contributions to the 2PA spectra. We also compare the experimental and computed polarization ratios, which provides additional validation of the spectral assignments.
The structures of trans-stilbene (C 2h ), cis-stilbene (C 2 ), and phenanthrene (C 2 ) are from Ref. 65 , where they were optimized at the B3LYP/cc-pVTZ level of theory. Here we employ the d-aug-cc-pVDZ Dunning's basis set from which the most diffuse set of d-functions was removed. We also employ the Cholesky decomposition of the two-electron integrals 23, 77 with a threshold of 10 2 and freeze core electrons. The basis-sets effects and the impact of Cholesky decomposition have been investigated in detail in Refs. 23 and 65. It was shown (for ethylene) that for 2PA transitions with energies below ∼10.5 eV, the d-aug-cc-pVDZ basis set is able to reproduce intensities obtained with the d-aug-cc-pVTZ basis set. The difference between excitation energies computed with the two bases was ≤1.6%. For the two-photon transitions above 10.5 eV, at least a triple-ζ basis set is needed. Singly augmented basis sets are not sufficient, but the second set of diffuse d-functions from the doubly augmented set are only needed for high energy states with energies above ∼9 eV. Similar behavior was observed for toluene, confirming that d-aug(-d)-cc-pVDZ basis set is sufficient.
All calculations were performed using the Q-Chem electronic structure program. 78, 79 The reported symmetry labels of the electronic states and MOs correspond to the standard molecular orientation used in Q-Chem, which differs for some irreducible representations from the Mulliken convention. 80, 81 Additional details are provided in the supplementary material.
III. RESULTS AND DISCUSSION
We begin by briefly summarizing relevant findings of Ref. 65 . By applying symmetry-imposed selection rules, we showed that fully symmetric transitions typically dominate the 2PA spectra for parallel polarization, because the diagonal tensor elements of the two-photon transition matrix belong to the totally symmetric irreps. Similar symmetry arguments based on the atomic selection rules predict that ∆l = 0 transitions have the largest 2PA cross sections among Rydberg-like transitions, which helped to rationalize the calculated 2PA spectra of ethylene, toluene, stilbenes, and phenanthrene. 65 The analysis of the wave functions has revealed that, for the same molecule, a more diffuse character of the target state corresponds to a larger 2PA cross section, which can be explained by considering transition dipole moments between the molecular orbitals involved in the brightest valence transitions and the diffuse Rydberg orbitals. In agreement with previous computational studies, we found 65 that trans-stilbene has the largest 2PA cross sections, as compared to cis-stilbene and phenanthrene due to the most extensive delocalization of the relevant states. The 5 1 A g state, which was found to have the largest cross section, can be described as π → p-like Rydberg transition, where the diffuse natural transition orbitals (NTOs) of the electron resemble the bonding linear combination of p-like Rydberg MOs on each phenyl ring. Due to the nonplanar geometry, the exciton delocalization is reduced in cis-stilbene, resulting in lower 2PA cross sections (π → 6 1 A and 9 1 A) relative to the 5 1 A g state of trans-stilbene. In phenanthrene, the largest 2PA cross sections correspond to p-and d-like Rydberg target states. While in Ref. 65 we characterized the most prominent 2PA transitions, here we focus on a lower-energy part of the spectra, which we also investigated experimentally.
A. Comparison of experimental 1PA and 2PA spectra Figure 1 compares the experimental 1PA and 2PA spectra for trans-stilbene, cis-stilbene, and phenanthrene. All three compounds have distinctly different absorption spectra for one-versus two-photon excitation. For example, the linear absorption spectrum of trans-stilbene has absorption bands near 4.1, 5.4, and 6.1 eV (typically labeled A, B, and C), whereas the 2PA spectrum of the same molecule has a weak shoulder near 4.3 eV, a stronger band centered near 5.1 eV, and a very intense band at higher energy. The higher-energy band was previously observed to have a maximum near 6.4 eV (Ref. 66 ). The stark difference between the 1PA and 2PA spectra of trans-stilbene is a consequence of the symmetry selection rules that formally restrict ungerade transitions to the 1PA spectrum and gerade transitions to the 2PA spectrum. Although cis-stilbene and phenanthrene are noncentrosymmetric, those compounds also have very different 1PA and 2PA spectra, highlighting the ability to derive complementary information from the two spectroscopic methods.
An interesting difference between the experimental 1PA and 2PA spectra in Figure 1 is the degree of vibronic structure. The 1PA spectrum of phenanthrene has the most clearly resolved structure, which is typical of rigid, planar molecules. 51 Although not as sharply defined as phenanthrene, the 1PA bands of trans-stilbene also have some vibrational structure. However, we do not observe any vibronic structure in the 2PA spectra, with the possible exception of the very weak band below 4 eV in the spectrum of phenanthrene. The 2PA measurements have a resolution of ∼0.14 eV, which is sufficient to resolve a structure similar to that observed in the linear spectra. In contrast with other compounds, cis-stilbene has no discernible vibronic structure. Both the 1PA and 2PA bands of cis-stilbene may be broadened to a larger extent than in other compounds due to the shallower potential and nonplanar geometry of the molecule in the ground state giving a wider range of structural conformations.
The experimental 2PA transition energies and absolute cross sections of all three compounds are summarized in Table I . The reported confidence limits in the table are an estimate of the uncertainty in the absolute 2PA cross section at each energy. The relative cross sections within a spectrum are more precise, because we simultaneously measure the cross section at each energy using the broadband 2PA technique. The primary source of uncertainty in these measurements is the spatial overlap of pump and probe beams; 82 therefore, we make back-to-back measurements under identical conditions in order to facilitate the comparison between compounds. Previously reported cross sections vary by orders of magnitude and have never been measured consistently for the set of all three compounds. 66 Figure 1 shows the 2PA spectra for parallel (σ 2PA ) and perpendicular (σ 2PA ⊥ ) relative polarization of the pump and probe beams. The relative intensity of the parallel and perpendicular transitions for a given 2PA band depends on the symmetry of the transition through the transition dipole tensor. 75, 76, 83 For an orientationally averaged sample, the polarization ratio r = σ 2PA /σ 2PA ⊥ is limited to r ≥ 4/3 for totally symmetric transitions and r ≤ 4/3 for non-totally symmetric transitions. The spectra for parallel polarization are more than 2-3 times more intense than the perpendicular spectra across the entire range of 2PA energies for each molecule, indicating that twophoton transitions in this energy range primarily access totally symmetric excited states. The prevalence of totally symmetric transitions in 2PA spectra can be rationalized by analyzing the sum-over-states expression of the total cross section in the context of symmetry-based selection rules. 65 We describe the polarization dependence of the 2PA spectra in more detail below.
B. Comparing theory and experiment: One-photon absorption
Before examining the 2PA spectroscopy of the target compounds, it is instructive to compare the experimental and theoretical 1PA spectra. The calculated 1PA energies and oscillator strengths (obtained at the EOM-EE-CCSD/d-aug(-d)-cc-pVDZ level of theory) are listed in Tables II-IV . We calculate transition energies for the lowest 8 excited states of each symmetry type. For comparison with experiment, we also apply a Gaussian broadening factor of 0.2-0.4 eV to each transition in the calculated spectrum. The tables show the maximum extinction coefficients resulting from the broadening of each transition. Figure 2 shows both the stick and broadened spectra for each compound, along with the experimental spectra. Vibronic effects play an important role in determining the exact shapes of the experimental spectra, but the general features of all three 1PA spectra are reproduced grosso modo by simply applying the phenomenological broadening and shifting the calculated spectra to lower energy by 0.4-0.7 eV.
The strongest transition in the low-energy region of each spectrum is due to π → π * excitation, as illustrated by the NTOs in Figure 3 . The NTOs represent transitions to the 1 1 B u (ππ * ) state of trans-stilbene, the 2 1 B (ππ * ) state of TABLE II. Term labels, excitation energies (E ex ), oscillator strengths (f l ), extinction coefficients (ε(ω)), microscopic ( δ 2PA ) and macroscopic (σ 2PA ) 2PA cross sections, and polarization ratios of trans-stilbene. A pump wavelength of 380 nm has been used for 2PA calculations. 65 Several factors contribute to the calculated transitions being shifted to higher energy relative to the experimental spectra. First, there are intrinsic limitations of the theoretical approach, including neglected higher-order excitations and limited basis sets. Typical error bars for states with a singly excited character are in the range of 0.3 eV for EOM-EE-CCSD, which includes only single and double excitations. The intrinsic errors due to missing triple (and higher) excitations usually give energies that are higher than the experimental values. [84] [85] [86] Insufficient one-electron basis sets might lead to additional errors, especially for higher-lying electronic states that have more diffuse character.
The second important source of uncertainty is the solvent. Figure 2 shows the experimental 1PA spectra in cyclohexane, but the EOM-CCSD calculations do not include any solvent effects. While solvatochromic shifts are usually small for valence states in non-polar solvents, solvent effects could be more significant for higher-lying states that have a more diffuse character. We note that the fate of Rydberg states in solution is unclear, and even the sign of an anticipated solventinduced shift is not obvious for diffuse excited states. On one hand, Pauli repulsion between the diffuse wavefunction of an excited electron and the surrounding solvent may cause a blue shift due to confinement in solution, but, on the other hand, solvent stabilization of the cationic core may result in a red shift. 87 In order to estimate solvatochromic shifts relative to the gas phase, we examine solvation effects in the calculated TABLE III. Term labels, excitation energies (E ex ), oscillator strengths (f l ), extinction coefficients (ε(ω)), microscopic ( δ 2PA ) and macroscopic (σ 2PA ) 2PA cross sections, and polarization ratios of cis-stilbene. A pump wavelength of 380 nm has been used for 2PA calculations. EOM-EE-CCSD/daug(-d)-cc-pVDZ. 1PA spectrum of trans-stilbene using time-dependent density functional theory (TD-DFT) and a non-equilibrium solvation method (perturbation-theoretical state-specific + perturbationtheoretical linear-response type integral equation formulation of polarizable continuum model (ptSS + ptLR)IEFPCM). 88, 89 The ωB97X-D exchange-correlation functional with the d-aug(-d)-cc-pVDZ basis set gives good agreement with the calculated EOM-CCSD transition energies in vacuum (Fig. S1 of the supplementary material). ωB97 and ωB97X functionals were also tested and yielded larger deviations from EOM-CCSD. Table V compares the TD-DFT excitation energies and oscillator strengths of the three brightest states of transstilbene in vacuum, chloroform, and cyclohexane. The solvent shifts are almost identical for chloroform and cyclohexane, which is consistent with the experimental observation that the absorption spectra are the same in both solvents. 73 Both solvents shift the excitation energy of the 1 1 B u state closer to the experimental value by 0.17 eV, but the 3 1 B u and 6 1 B u states shift to lower energy by only 0.08 eV. Although the discrepancy suggests that at least some higher-lying states may have smaller solvatochromic shifts, as we discuss in the context of the simulated 2PA spectra below, continuum solvation models cannot reliably predict solvation effects for Rydberg states (including the 3 1 B u and 6 1 B u states of trans-stilbene). Therefore, we can only conclude from the IEFPCM/TDDFT calculations that solvation red-shifts the low-lying valence states by about 0.2 eV.
The third reason for the discrepancy between experimental and theoretical spectra is the vibronic structure of the experimental absorption bands, which is only partially represented by the phenomenological broadening of the calculated spectra. While it is difficult to account for the vibronic structure in polyatomic molecules, it is instructive to consider the difference between adiabatic and vertical excitation energies. 90 In polyatomic molecules, the maximum of the absorption often corresponds to adiabatic rather than vertical transitions, giving rise to an apparent red-shift of the bands. 90 Below, we use a simple method 91 for estimating the magnitude of vibronic effects in the 2PA spectra that circumvents costly excited-state geometry optimization calculations. Since Rydberg states can be described as a cationic core with an electron occupying a diffuse orbital, the structure and vibrational frequencies are usually quite similar to those of the respective cation. 91 Thus, we estimate excited-state relaxation effects by computing the difference between the total excited-state energies at the geometries of the neutral (FranckCondon structure) and the cationic species. This approach is applied to the evaluation of 2PA spectra below and may account for some of the discrepancy in the 1PA spectra as well. Non-Condon effects may also contribute small additional shifts. 92, 93 The net result of the effects described above is a systematic blue shift of the calculated gas-phase EOM-CCSD transition energies by about 0.5 eV relative to the experimental values in solution, which accounts for most, if not all, of the observed shifts of 0.4-0.7 eV in Figure 2 . The extent of the shift depends on the electronic character of each transition, but similar shifts are expected for the 2PA bands, as discussed in Secs. III C 1-III C 5. the spectrum. 73 The result is a single broadband 2PA spectrum that covers the full range of two-photon excitation energies (3.5-6.0 eV) for each compound. Similarly, the calculations are shown only for the 380 nm pump wavelength, although transition strengths were calculated for all three pump wavelengths. We calculate the first 8 states of each irreducible representation for trans-stilbene and cis-stilbene.
In the case of phenanthrene, we are only able to calculate 2PA cross sections for the first five excited states of A 1 , A 2 , and B 1 symmetries, and the first six excited states of B 2 symmetry, due to the one-photon resonance near 780 nm. The comparison between theoretical and experimental 2PA spectra is less straightforward than for the 1PA spectra. It is tempting to apply the same empirical shift and broadening factor for the 1PA and 2PA spectra. The result of this simple approach is shown in Figure S2 of the supplementary material, where we used Γ = 0.1 eV for transstilbene and phenanthrene, Γ = 0.2 eV for cis-stilbene, and applied a uniform red-shift of 0.7 eV to each of the calculated 2PA transitions. The agreement between the experimental and simulated 2PA spectra is not as good as it is for the 1PA spectra. While the positions of many of the calculated transitions match the experimental bands reasonably well, the intensity profiles of the simulated spectra are quite different.
To properly compare the experimental and computed 2PA spectra, one needs to consider several issues. First, the most intense peaks in the calculated 2PA spectra correspond TABLE V. Term labels, excitation energies (E ex ), and oscillator strengths (f l ) for the brightest 1PA states of trans-stilbene at the ωB97XD/d-aug(-d)-cc-pVDZ level of theory, with and without solvent contributions computed by (ptSS + ptLR)IEFPCM.
Vacuum
Cyclohexane Chloroform to Rydberg states that might be strongly perturbed in solution. Second, the experimental peaks are very broad, which may hide many details, including contributions from excited states with small cross sections, vibronic effects, etc. Unfortunately, there is no systematic strategy for determining damping factors that match the experiment because the broadening may be different for each state; therefore, we begin by using a relatively small broadening factor of 0.1 eV for all computed transitions, in order to prevent the dominant transitions from spilling over the entire spectrum. Note that using larger broadening factors results in lower peak intensities. Third, the macroscopic cross sections include an ω 2 σ dependence (ω σ is the transition energy) that increases the intensities of calculated bands that are shifted to higher excitation energies, and thus affects the overall shape of the spectrum. To address the frequency dependence of the 2PA cross sections, we divide the spectra by ω 2 σ in Fig. 5 and focus our attention on the experimentally accessible region of the spectrum below ∼6.5 eV. Note that dividing the experimental spectrum of phenanthrene by ω 2 σ reveals an abrupt drop of intensity above 5.5 eV. This is the region of the spectrum that was measured with 380 nm pump pulses and may be influenced by a (pre-)resonant excitation condition with the lowest 1PA band. Even after accounting for the ω 2 σ dependence of the 2PA spectrum, it is difficult to directly compare the calculated microscopic cross sections with the experimental results when using uniform (and arbitrary) damping factors. In order to address this issue, we deconvolute the experimental spectra in Sec. III C 2. 
Deconvolution and tentative assignment of the experimental spectra
The purpose of the analysis presented in this section is to extract microscopic cross sections, δ 2PA , and transition linewidths, Γ, associated with the strongest transitions in the experimental 2PA spectra. The deconvolution of the experimental 2PA spectra (after dividing by ω 2 σ ) uses a sum of Gaussian functions to represent the net macroscopic cross section as a function of the total (two-photon) excitation energy, ω σ ,
where ω i , δ 2PA i , and Γ i are the fitting parameters associated with each transition. Fits to the experimental 2PA spectra are shown in Fig. 5 . For each compound, we use a total of three Gaussian functions, which is the minimum number necessary to reproduce the general features of the spectra. These arbitrary fits are only meant to provide a preliminary interpretation of the experimental spectra, including an initial estimate of linewidths for simulating the spectra in Sec. III C 3. The excitation energies, damping factors, and microscopic cross sections obtained from the deconvolution are collected in Table VI. For trans-stilbene, the fits reveal at least two contributions to the broad 2PA band centered near 5.1 eV: a weak band with excitation energy of 5.01 eV (microscopic cross section of 702 a.u.) and a much stronger band centered near 5.27 eV (5569 a.u.). The third band in the fit accounts for the large increase of the cross section above ∼5.6 eV. This higher-energy band represents the feature that was previously reported to have a maximum near 6.4 eV, but may also include contributions from the tails of other states at higher energy.
For comparison with the experimental deconvolution, Table II presents the calculated 2PA cross sections of transstilbene for parallel linearly polarized excitation and a pump wavelength of 380 nm. We report both the microscopic and macroscopic cross sections. The two low-energy bands from the fit most closely match the 3 1 A g and 4 1 A g states with δ 2PA of 1182 and 4070 a.u., respectively. Thus, Band 1 can be assigned as the transition to the 3 1 A g state and Band 2 to the 4 1 A g state. With this assignment, the computed excitation energies are blue-shifted by 0.73 eV and 0.88 eV relative to the experiment. This difference is of the same magnitude as the difference in the 1PA spectra. Notably, this simple deconvolution does not recover the low-energy shoulder on the experimental spectrum near 4.3 eV, which can be assigned as the 2 1 A g state, based on the lower relative intensity of the calculated 2PA cross section and a shift of ∼0.5 eV. The higher-energy band in the fits may have significant contributions from the intense transition to 5 1 A g . We note that the cross section from the fit is lower than the calculated value, and that the calculated energy is close to the experimentally observed band maximum even without corrections. These important differences may be related to the significant Rydberg character of the calculated 5 1 A g state, as discussed below. The fit to the experimental spectrum of cis-stilbene using three Gaussian bands is more robust because of the more pronounced shoulder near 4.4 eV, in addition to the band near 5.2 eV and the tail from higher-lying transitions. For the two lower-energy bands, we obtain microscopic cross sections of 113 and 957 a.u. and excitation energies of 4.47 and 5.19 eV, respectively. Based on a comparison with the calculated excitation energies and 2PA cross sections in Table III , we assign the first band as the 2 1 A state (cross section of 171 a.u.) and the second band as the 5 1 A state (1169 a.u.). Similar to trans-stilbene, the calculated cross sections are of the same order of magnitude as the experimental values, but the excitation energies of the 2 1 A and 5 1 A states are overestimated by 0.54 eV and 1.00 eV, respectively. (Alternatively, Band 2 could be assigned as a combination of several weaker, overlapping transitions to 3 1 A, 4 1 A, and 4 1 B, with shifts of 0.6-0.8 eV, but the combined intensity of these transitions is lower than the experimental value from the fit.) As before, the higher-lying band may contain contributions from multiple states, possibly including the intense 2PA transition to 6 1 A. The large bandwidth of 0.74 eV from the fit is consistent with this high-energy band having multiple contributions.
In phenanthrene, we observe a weak transition below 4 eV and a pronounced shoulder near 4.8 eV. The lowest band seems to have some vibronic structure, although this is a difficult region of the spectrum to measure experimentally, due to overlapping Raman bands in the pump-probe measurement. 82 Applying the simple three-Gaussian model gives an excitation energy of 3.76 eV with a microscopic cross section of 45 a.u. for the lowest band, and an excitation energy of 4.82 eV with a microscopic cross section of 331 a.u. for the second band. By comparing with the calculated energies and cross sections (Table IV) , we assign the lowest-energy band as 2 1 A 1 , on the basis of the calculated transition energy of 4.16 eV and δ 2PA of 29 a.u., which requires a shift of only ∼0.4 eV. Other transitions could also contribute to the low-energy region, including 1 1 B 1 and 2 1 B 1 , but these states would have to shift by more than 1 eV, which is inconsistent with the observed shifts in the 1PA spectra. With the weaker transitions in mind, we assign Band 2 as a collection of transitions with different symmetries, but dominated by the 3 1 A 1 state with a calculated excitation energy of 5.55 eV and a microscopic cross section of 320 a.u. Other likely contributions include 2 1 B 1 , 1 1 A 2 , and 2 1 B 2 , which are shifted by 0.3-0.9 eV from the experimental band maximum. The fit to the higher-lying band in the 2PA spectrum may suffer from the drop in the experimental spectrum above 5.6 eV, but is likely to include contributions from several states, as evidenced by the broad linewidth parameter.
Similar to the other compounds, our overall conclusion from the deconvolution of the 2PA spectrum of phenanthrene is that the computed cross sections are of the same magnitude as the values obtained from the fits, but the excitation energies are consistently overestimated by 0.4-0.7 eV.
Analysis of the excited states giving rise to main features in the experimental spectra
Analyzing the character of electronic states that are responsible for the main features in the experimental 2PA spectrum of each molecule provides valuable insight. Here we focus on the experimentally accessible states with transition energies below ∼6.5 eV; the higher-lying states from the calculation are discussed in Ref. 65 . Several key properties [61] [62] [63] of the excited-state wave functions are provided in Table VII , including average sizes of electron hole and a particle (σ e and σ h ), their difference and a related quantity, ∆ R 2 , which represents the change in size of the wave function following excitation. 65 We also report NTO participation ratio (PR NTO ), which shows how many NTO pairs are needed to describe the transition, 62, 63 as well as two related quantities characterizing the one-electron character of the transition, the norm of one-particle transition density matrix (||γ||), and the norm on single-excited EOM amplitudes (||R 1 || 2 ).
In general, all of the transitions in this low-energy region of the spectrum have relatively small ∆ R 2 , indicating that these states are either purely valence or mixed valence/Rydberg in character for all three molecules. The fate of Rydberg states in solution is unclear. It is possible that the states with a mixed character become more valence-like (i.e., less diffuse) upon solvation. In addition to the relative size of the wave function in the excited state, the NTOs associated with each transition are helpful in determining the relative valence/Rydberg character of the calculated states, as discussed below. Another important observation is that all of the excited states with significant 2PA cross sections in this energy range are singly excited states, as indicated by the values of ||R 1 || ≈ 0.9 (see Ref. 65 ). In the case of trans-stilbene, the assigned states from the fits include 2 1 A g , 3 1 A g , and 4 1 A g . Figure 6 shows the NTOs for each of these transitions. The 2 1 A g state has the smaller 2PA cross section of the three and consists of three π → π * like excitations. This lowest-energy state has a pure valence character, as indicated by the small ∆ R 2 of 0.1 Å 2 . The 3 1 A g state can be described as π → p Rydberg transition (∆ R 2 = 12.8 Å 2 ). We note that without the inclusion of this state in the simulated spectrum, it is impossible to reproduce the experimental shape, although it is the only state with a predominantly Rydberg character in the calculations that significantly contributes to the low-energy region of the experimental spectra. The 4 1 A g state has two pairs of NTOs (participation ratio of 2.06); the first (with λ 1 = 0.52) can be described as a 1PA-forbidden π → π * transition, and the second (λ 2 = 0.19) as a π → p Rydberg transition. Despite some Rydberg contribution, this state is not very diffuse (∆ R 2 = 2.2 Å 2 ), indicating primarily a valence character.
The experimental 2PA spectrum of cis-stilbene includes additional broadening due to the non-planar structure of the molecule. Not only is the molecule more flexible, but also the transition energies and intensities depend on the relative orientation of the two phenyl groups, leading to broader transitions relative to the other two molecules. Figure 7 shows the NTOs associated with the transitions to the 2 1 A and 5 1 A states of cis-stilbene. The former is a combination of three π → π * -like excitations, similar to the 2 1 A g state of transstilbene, and has a predominantly valence character (∆ R 2 = 3.6 Å 2 ). This 2PA transition is weaker in the cis form of the molecule because of the non-planar structure, which inhibits π conjugation between the phenyl rings and reduces exciton delocalization. 65 The higher-lying 5 1 A state is described by two pairs of NTOs; the leading one has a valence character and the second is a more diffuse π → p-like transition. The mixed valence/Rydberg character is evident from the intermediate size of the excited-state wave function, ∆ R 2 = 4.9 Å 2 . The low-energy part of spectrum of phenanthrene is dominated by the three excited states (2 1 A 1 , 2 1 B 1 , and 3 1 A 1 ) . Except for the 2 1 A 1 state, all of these states are also active (but weak) in 1PA. The valence 2 1 A 1 state (Fig. 8) is the result of two π → π * excitations. This state is similar to the 2 1 A g state of trans-stilbene and the 2 1 A state of cis-stilbene. All three states have a predominantly valence character, as indicated by the small ∆ R 2 in Table VII .
Simulation of 2PA spectra
A more complete simulation of the 2PA spectra should include all calculated transitions. However, such a simulation is complicated by the state-specific shifting and broadening of the transitions. As in the case of the 1PA spectra, several factors contribute to the discrepancy between the calculated excitation energies and the locations of the 2PA bands in the experimental spectra. Although we cannot systematically include all missing effects in the calculations, we can use the calculated transition energies and intensities and the results from the deconvolution of the experimental results above to simulate the 2PA spectra. These simulations allow us to evaluate the degree of shifting and broadening that is required to bring the theoretical spectra into agreement with the experimental spectra on a state-bystate level.
While we do not have a reliable way to predict a priori the effect of higher-order excitations and solvatochromic shifts in these relatively large molecules, we can evaluate possible vibronic effects using the estimated adiabatic energies (computed using cationic geometries, as described in Section III B). in Table S1 Together with typical error bars of 0.3 eV for EOM-CCSD, this could account for up to ∼0.5 eV discrepancy between the theoretical and experimental excitation energies, similar to the 1PA transitions. Solvation can cause additional shifts, as discussed in Section III B. Using these considerations, we apply a systematic approach to simulate the 2PA spectra, with some modifications based on the fits to the experimental spectra. Fig. 9 compares the simulated and experimental spectra; specific details for each molecule are given below. We use the adiabatically corrected excitation energies (see Table S4 of the supplementary material) and then apply an additional red shift of 0.40 eV to the states with low excitation energies. We shift only the lower transition energies, because of smaller solvatochromic shifts that we observed for higher-energy states in the 1PA spectrum of trans-stilbene and because the more diffuse states at higher energy are expected to blue-shift due to confinement effects of the solvent. Although the fate of Rydberg states upon solvation remains an open question, 87 it is likely that more diffuse states will experience a blue shift due to Pauli repulsion that partially compensates the errors due to approximate correlation treatment. Finally, we also apply a damping factor of 0.2 eV to all of the excited states below 6.0 eV, except for the lowenergy states with the largest cross sections, for which we use FIG. 9 . Comparison between the experimental and theoretical ( ) 2PA spectra of trans-stilbene, cis-stilbene, and phenanthrene. The damping factors of the theoretical spectra have been chosen on the basis of the fitting of the experimental spectra.
damping factors extracted from the fitting of experimental spectra in Sec. III C 3. For the excited states above 6.0 eV, we use a damping factor of 0.1 eV, to prevent the low-energy tails of those transitions from spilling into the lower-energy region of the spectrum (and to account for the reduced contribution from Rydberg states in solution).
The so-simulated spectrum of trans-stilbene reproduces reasonably well the main features of the experimental 2PA spectrum. The spectrum includes damping factors of 0.26 eV and 0.63 eV for the 3 1 A g and 4 1 A g states that were extracted from the fit to the experimental spectrum. Note that the 5 1 A g state, which has the largest calculated 2PA cross section (and significant Rydberg character), was not shifted to lower energy. This simulation confirms the primary role of the transitions to 2 1 A g , 3 1 A g , and 4 1 A g in the lower-energy region of the 2PA spectrum of trans-stilbene, with minor contributions from weaker overlapping transitions. As suggested above, the simulation also predicts that the strong 2PA band, previously reported to have a maximum near 6.4 eV, may result from a transition to the 5 1 A g state, but with lower intensity and little or no energy shift relative to the calculation.
For cis-stilbene, we use damping factors of 0.20 eV for the 2 1 A state and 0.42 eV for the 5 1 A state. The damping factor of 0.42 eV is slightly larger than the value of 0.35 eV obtained from fitting the experimental spectrum in order to compensate for the larger 2PA cross section, and a broadening factor of only 0.17 eV was used for the 6 1 A state to better reproduce the shape of the spectrum. As before, the overestimate of the 2PA cross section at the highest energies points to a reduced contribution from Rydberg transitions in the experimental solution-phase spectra. Based on other adjustments, however, we identify the excited states that define the shape of the 2PA spectrum. We also note that the contributions from a small cluster of states around ∼5.6 eV (3 1 A, 4 1 A, and 4 1 B) are important for recovering the spectral shape between 5.0 and 5.5 eV.
Finally, for phenanthrene, we shift all states with adiabatic excitation energies below 5.5 eV to lower energy by 0.4 eV, except for the 4 1 A 1 and 5 1 A 1 states, which have the largest cross sections. We also used a larger damping factor of 0.32 eV for the 3 1 A 1 state, in order to compensate for the larger calculated cross section compared with the value obtained from the fit, and a damping factor of 0.22 eV for the 4 1 A 1 state. As in the two other molecules, we used a damping factor of 0.2 eV for all other states below 6.0 eV, including the 2 1 A 1 state, because the value obtained from the fit to that low-energy band is not sufficiently accurate due to the low intensity and vibronic structure.
Although the agreement between the experimental and simulated 2PA spectra in Fig. 9 is not perfect, the fact that we are able to reproduce the general shapes of the experimental solution-phase spectra using a few simple manipulations of the calculated gas-phase results is quite encouraging. The remaining discrepancies highlight the need for further theoretical work to better understand the role of electron correlation, vibronic structure, and, especially, interaction with the solvent. Together, these effects result in shifts of ∼0.4-0.7 eV for the states in the low-energy region of the spectrum. In Sec. III C 5, we examine the polarization dependence of the 2PA spectra, to further validate our assignments.
2PA polarization ratios
The polarization dependence of the 2PA spectrum provides an experimental measure of the electronic symmetry of the underlying transitions. 75, 76, 83 Here, we quantify the polarization dependence as the ratio of the 2PA cross section for parallel and perpendicular linearly polarized light, r = σ 2PA /σ 2PA ⊥ . Based on the sum-over-states expression, the microscopic 2PA cross section of a single transition depends on the relative intensities of the individual components of the transition strength matrix, S ab,cd . 65 
where F = G = H = 2 for parallel and F = 1, G = 4, H = 1 for perpendicular linear polarization. 75 Thus, if the off-diagonal components of the transition strength matrix S ii,jj are small relative to the diagonal terms, S ii,ii , then one obtains the limiting
In any case, the ratio is restricted to r > 4/3 for the totally symmetric irreducible representation. For other irreducible representations, e.g., A 2 , the two-photon transition dipole tensor contains non-zero off-diagonal elements, and the microscopic cross section becomes In the non-degenerate case (ω 1 ω 2 ), the ratio is slightly different, but always ≤4/3. These symmetry-imposed rules for totally symmetric and not totally symmetric transitions are also valid for C 2h and C 2 point groups. Fig. 10 compares the experimental and theoretical 2PA spectra and polarization ratios of trans-stilbene, cis-stilbene, and phenanthrene. We use the same damping factors for the parallel and perpendicular 2PA spectra because the transitions access the same final state in each case, and only the relative intensity of the transition (not the width) depends on the relative polarization of the pump and probe light. For transstilbene, the 2PA polarization ratio confirms the symmetry assignment of the 2 1 A g , 3 1 A g , and 4 1 A g excited states. The 3 1 A g and 4 1 A g ratios are close to 3, but the ratio is smaller for 2 1 A g due to larger contributions from the off-diagonal elements of the two-photon transition strength matrix.
For cis-stilbene, the agreement between the experimental ratio and the computed one (using the same damping factors for parallel and perpendicular spectra) is not as good as in trans-stilbene, because the experimental ratio increases around ∼5 eV due to the flatter 2PA spectrum for perpendicular polarization in the region of 5-5.5 eV. The 2 1 A and 5 1 A states, which dominate the simulated spectrum in this region, have ratios of 2.2 and 3.4, respectively, whereas the weaker, underlying 3 1 A and 4 1 A states have much lower ratios. Interestingly, the calculated polarization ratio for the 7 1 A state (∆ R 2 = 20.0 Å 2 ) is r = 8.5, which could explain the higher polarization ratio, but would require a shift of >1 eV from the calculated transition energy of 6.34 eV.
For phenanthrene, as for cis-stilbene, the perpendicular experimental spectrum is mostly flat across the entire range. The ratios for the 2 1 A 1 and 3 1 A 1 transitions are 1.4 and 1.8, respectively, due to non-negligible off-diagonal elements (S ii,jj ). Consistent with the calculated ratios, phenanthrene has the lowest average polarization ratio of all three compounds. Overall, r is slightly below 3.
Although the agreement with experiment is not perfect, the simulated polarization ratios highlight the value of the polarization dependence as a means of separating the relative contributions from broad, overlapping transitions. Additionally, symmetry information is not generally available from 1PA spectra of disordered samples, other than parity selection rules, due to orientational averaging. Finally, we note that the polarization ratio is very sensitive to experimental conditions; therefore, theoretical ratios are important for interpreting the experimental spectra.
IV. CONCLUSION
In this paper, we have analyzed the 2PA spectra of transstilbene, cis-stilbene, and phenanthrene, by comparing our experimentally measured broadband 2PA spectra with the theoretical spectra computed using EOM-EE-CCSD wave functions. The experimental spectra provide important benchmarks for comparison with the theoretical results, including a detailed simulation that blends information from both the experimental and theoretical spectra in order to better understand both. The experimental spectra themselves are unique in that we have measured the polarization-dependent broadband spectra for all compounds under identical conditions for the first time, and at a level of unprecedented resolution that allows us to comment on several fundamental features that are important for the comparison with the calculated 2PA spectra.
The long-standing role of stilbene as a model compound makes it an ideal target for our experimental-theoretical comparison. Although the 2PA spectrum of stilbene has been subject of experimental studies since the 1970s, here we report 2PA spectra of both cis-and trans-isomers, as well as the closely related phenanthrene, under identical conditions and with unprecedented resolution. The comparison across this series of compounds reveals new details about the fundamental features of the 2PA spectra, and, more generally, the non-linear properties of these molecules. Our broadband measurements give accurate, absolute 2PA cross sections, whereas previously reported cross sections vary by orders of magnitude 66 and have never been measured consistently for the set of all three compounds. Additionally, our broadband 2PA technique provides continuous 2PA spectra across a wide range of energies, which allows us to determine that there is no significant vibronic structure in the non-linear spectra, in contrast with the linear absorption spectra. This point was previously mis-interpreted based on the artifactual structure in the earlier experimental spectra that were obtained on a point-by-point basis using a single-wavelength technique. 33 Vibronic structure is a key sticking point in calculating molecular spectra; therefore, this point of comparison is absolutely critical for developing predictive theoretical approaches. Earlier spectra also did not resolve subtle features that are important for comparison with the calculated spectra. In addition, the polarization dependence for linearly polarized light has not been reported before now for cis-stilbene or phenanthrene, yet that measurement provides another critical reference point for benchmarking the calculated spectra. Thus, our broadband spectra provide key insight into the fundamental details that must be considered when simulating solution-phase broadband 2PA spectra based on calculated gas-phase transition energies and intensities.
While the computed spectra reproduce the main features in the experimental spectra reasonably well, the quantitative comparison is complicated by several factors, including the non-uniform broadening and shifting of the experimental bands due to vibronic effects, solvation, etc. Combined with the inherent limitations of the computational method, the calculated transition energies typically are overestimated by as much as 0.4-0.7 eV. The frequency shifts of the calculated transition energies are exacerbated in the simulated broadband spectra due to an ω 2 σ dependence when calculating the macroscopic 2PA cross section. Additionally, we emphasize that the 2PA intensities implicitly depend on both the energies and the intensities of the intermediate 1PA transitions (by virtue of the sum-over-states expression); therefore, any errors in the 1PA transitions are amplified when calculating 2PA spectra.
The main stumbling block for comparing the calculated gas-phase spectra with the condensed-phase spectra is the uncertain fate of Rydberg states in solution. The most intense spectral features in the calculations correspond to Rydberg states, which can be rationalized by analyzing the sum-overstates expression for calculating microscopic 2PA cross sections. 65 The fate of Rydberg states upon solvation is still a matter of debate, and the predictive power of theory is limited by the inability to reliably compute solvent shifts. Calculations that are capable of describing solvatochromic shifts of Rydberg states, such as effective fragment potential method, [94] [95] [96] may be able help to clarify this issue with the help of experimental benchmarks. Nevertheless, the gas-phase calculations provide a reasonably good representation of the experimental 2PA spectra based on phenomenological broadening and shifts to lower energy by up to 0.4-0.7 eV compared with the calculated transition energies. These results provide promising evidence that the experimental 2PA spectra can be interpreted with the help of ab initio calculations and careful wave function analysis.
SUPPLEMENTARY MATERIAL
See supplementary material for additional details and relevant Cartesian geometries.
